Abstract. In this paper, a stabilized extended finite element method is proposed for Stokes interface problems on unfitted triangulation elements which do not require the interface align with the triangulation. The velocity solution and pressure solution on each side of the interface are separately expanded in the standard nonconforming piecewise linear polynomials and the piecewise constant polynomials, respectively. Harmonic weighted fluxes and arithmetic fluxes are used across the interface and cut edges (segment of the edges cut by the interface), respectively. Extra stabilization terms involving velocity and pressure are added to ensure the stable inf-sup condition. It is proved that the convergence orders of error estimates are optimal. Moreover, the errors are robust with respect to the viscosity. Results of numerical experiments are presented to verify the theoretical analysis.
that the interface is not aligned with the mesh. One way is the immersed finite element methods based on Cartesian meshes where the finite element basis functions are locally modified for elements cut by the interface to satisfy the jump conditions across the interface exactly or approximately. We can see [19, 22, 14, 21, 15, 23, 24] for elliptic interface problems and [28, 1] for Stokes interface problems.
The other way is the extended finite element methods (XFEMs) based on unfitted meshes, which are mainly designed to solve the problems with discontinuities, kinks and singularities within elements. For XFEMs, extra basis functions are added for elements intersected by the interface so that the discontinuities can be captured, and the jump conditions are enforced by a variant of Nitsche's approach. This method was first proposed by Hansbo and Hansbo in [17] to solve the elliptic interface problems.
Then a large number of related methods have been developed, such as [27, 31, 2, 8, 29, 6, 20, 9] for elliptic interface problems, [18, 10, 30] for Stokes interface problems and [26] for Oseen problems.
From now on, we will refer to the Nitsche-XFEM schemes. In this paper we focus on the following two-phase Stokes problem of two fluids with different kinematic viscosities on a bounded polygonal domain Ω ∈ R 2 . The whole domain is crossed by an interface Γ which is assumed to have at least C 2 -smooth and is divided into two open sets Ω 1 and Ω 2 . Denote by [v] = v| Ω1 − v| Ω2 the jump across the interface Γ.
Then we study the problem as follows: Find a velocity u and a pressure p such that (1.1)
[u] = 0, [pn − µ∇u · n] = σκn, on Γ,
where f ∈ [L 2 (Ω)] 2 and µ is a piecewise constant viscosity, namely µ| Ωi = µ i > 0. σ is the surface tension coefficient, κ is the curvature of the interface , and n is the unit normal vector on Γ pointing from Ω 1 to Ω 2 .
It is well known that mixed finite elements are a typical choice of approximation spaces for the discrete formulation of a saddle point problem without interface. It would be natural to expect that same finite element spaces would be adequate to solve the interface problem using the Nitsche-XFEM formulation. Since the computational meshes of the XFEMs do not fit the interface, the approximation of the pressure may be unstable near the interface even though for the inf-sup stable finite elements (see [10] ). That is to say, XFEM broke the stability condition for mixed problems.
Therefore, extra pressure stabilization approaches in the elements cut by the interface are used to ensure the inf-sup condition. The Nitsche-XFEM with P 1 − bubble/P 1 couple functions was proposed by Laura et al. in [10] which used the symmetric pressure stabilization operator based on Brezzi-Pitkaranta stability technique on the cut region to ensure the stability. In [18] , a Nitsche-XFEM based on P 1 -iso-P 2 /P 1 elements to solve Stokes interface problems was proposed. In the method, extra stabilization terms for normal-derivative jumps over some element faces with respect to not only pressure but also velocity are also added. Recently, a Nitsche formulation
for Stokes interface problems based on P 1 /P 1 elements was developed in [30] , where extra penalty terms that contained the difference between the solution and an L 2 projection of the solution for velocity and pressure on a patch of elements intersected by the interface were added to ensure the stability. This extra penalty terms are called ghost penalty which was proposed by Burman in [5] . We remark that stability technique are also used to solve Stokes problem with interfaces in the context of fictitious domain method in [25] where pressure was stabilized by the extra penalty terms for the jumps in the normal velocity and pressure gradients near the interface.
In this paper, we will propose an accurate and stable extended finite element method for Stokes interface problems based on nonconf orming − P 1 /P 0 shape functions using unfitted meshes. Harmonic weight fluxes and arithmetic average fluxes are used on the interface and cut edges (the local segment of edges cut by the interface) respectively. Moreover, stabilization terms involving the jumps in the normal pressure on the edges and velocity gradients in the vicinity of the interface are added in our method. Optimal error estimates in energy and L 2 norms for velocity and in The rest of this paper is organized as follows. In Section 2, we describe the Nitsche's extended finite element method with nonconforming elements. In Section 3, we list some preliminary lemmas. The stable inf-sup condition and error analysis are given in Section 4. Numerical tests are presented in Section 5. Finally, we make a conclusion in Section 6.
Throughout the paper,
to denote the generic positive constants which are independent of h, the penalty parameters, and the jump of the coefficient µ. We also use the shorthand notation A B
and B A for the inequality A ≤ CB and B ≥ CA. A B is for the statement A B and B A. Moreover, denote by
the piecewise H s space on Ω 1 ∪ Ω 2 and by ||v|| s,Ω1∪Ω2 and |v| s,Ω1∪Ω2 its norm and semi-norm.
Finite element formulation.
Let {T h } be a family of conforming, quasiuniform, and regular triangulations of the domain Ω independent of the location of the interface Γ where the mesh should be fine enough to ensure the interface is well resolved. Define h K as diam(K) and h := max K∈T h h K for any K ∈ T h . Note that any element K ∈ T h is considered as closed. Let us introduce the set of cut elements
Then we define the elements restricted and extended 
, and e ⊂ Ω i }, and
Finally, the set of all the edges of G Γ h restricted to the interior of Ω
We make the following assumptions (see [18] ): A1: It is assumed that the interface intersects the edge of each triangle at most two points and each (open) edge at most once, or that the interface coincides with one edge of the element.
A2: We assume that for each
that K ′ shares an edge or a vertex with K. That is to say, if z ∈ Ω i is a vertex of K and △ z denotes the patch of elements associated to z, i.e.
A3: It is assumed that the mesh coincides with the outer boundary ∂Ω.
Assumption A 1 and A 2 make the interface is well resolved by the mesh with an enough small mesh. In this paper, we assume 0 < h ≤ h 0 for some enough small constant h 0 depends on the curvature of the interface (see [20] ).
Now we assume that the velocity space is
and
Further, we define the weak velocity space by
and the weak pressure space by
where
. We now introduce the couple of inf-sup stable spaces on the extended sub-domain Ω + h,i , (2.1)
Then we denote a couple of finite element spaces. Let V h be the extended velocity space of nonconforming piecewise linear polynomials defined on T h as follows:
and Q h be the extended pressure space of piecewise constant functions defined on T h as follows:
The above extended finite element spaces double the degrees of freedom in the elements which are cut by the interface. Clearly, V h V and Q h ⊆ Q.
Recalling the definition of F cut,i , for each edge e ∈ F cut,i h , there exist two cut
Define jumps of v ∈ V + V h and p ∈ Q, and jump of the flux of v by [v 
· n e , respectively, provided that n e is a unit normal vector to the edge e pointing from K i l to K i r . Similarly, for e ∈ F nc,i h , we can also define the jumps of v ∈ V + V h and p ∈ Q on e and a unit normal vector to the edge e by n e . In particular, we note that [v] = v| K for e ∈ F nc,i h and e = ∂K ∩ ∂Ω with K ∈ T h,i . Further, we define jump
For any v ∈ V + V h and weights w i , i = 1, 2, we define the averages {v} w and {v} w on the interface Γ as follows:
where v i = v| Ωi , i = 1, 2. Similarly, for any p ∈ Q and weights w i , i = 1, 2, we define the averages {p} w and {p} w on the interface Γ as follows:
where p i = p| Ωi , i = 1, 2. In this paper, we use the so-called "harmonic weights" as adopted by [7, 20] ,
Likewise, we denote the arithmetic weights {v} k , {p} k on the cut edges e ∈ F cut,i h by
We propose the following Nitsche method:
Here B h [(·), (·)] is a bilinear form defined by
where γ 0 , γ 1 and γ 2 are positive parameters to be chosen in Lemma 3.4.
Remark 2.1. The stabilization terms J u , J p appeared in the method are all consistent. The term J u (u h , v h ) is added to ensure the coercivity of A h (·, ·) and the term J p (p h , q h ) is used to prove the inf-sup stability of the method.
, it is easy to see that the following equality holds, (2.8)
Now we introduce the norms. For v ∈ V + V h , we define (2.9)
and (2.10)
and (2.12)
3. Preliminary. In this section, we will give some preliminaries for the later error analysis. Firstly, we give the following Lemma, where Lemma 3.1 is proved in [16] .
The constant θ depends on the C 2 -norm of the parametrization of Γ and the shape regularity of K l and K r .
Recalling the definition of interface segment Γ K in Section 2, we have the following trace inequality for the interface segment (see [31] ).
In order to estimate the error of our method, we need the following trace inequality for the cut segments contained in Ω i .
such that e ⊆ e, then we have
Proof. Since e ⊆ e, from the Lemma 3 of [12] , we have
which combines with the trace inequality yields the result.
Then we give the properties of A h (·, ·) and b h (·, ·).
We mainly focus on the two nonsymmetric terms. For the first term, applying the Cauchy-Schwarz and Young inequalities, we have
where ǫ is a positive number to be defined later. Further, using the fact that
Since the interface Γ is C 2 -smooth, it is easy to obtain
Since the triangulation is conforming, quasi-uniform and regular,
. . , m. Then using the fact that ∇v i is a constant vector, we have (3.4)
Next, we estimate
For any e ∈ F cut,i h
Without loss of generality, we assume |K
It is easy to see
Using the fact that ∇v is a constant vector, from (3.6), we have
Further, using the Cauchy-Schwarz inequality, we infer that
Then, collecting the above two estimates (3.8) and (3.9) , we obtain
Finally,
Taking ǫ = 2 (max i=1,2 {C i0 } + θ), we can conclude the result by choosing
This completes the proof.
Applying the Cauchy-Schwarz inequality and the above process of Lemma 3.4,
we obtain the following Lemma.
Lemma 3.5. There exist three positive constants C A1 , C A2 and C A3 such that
Proof. The first inequality can be obtained directively by using Cauchy-Schwarz inequality. Then we only need to prove the third inequality which infers the second one. From (3.5), we have
Next we bound
For any e ∈ F cut,i h 
Hence,
Recalling the definitions of |||v||| V and |||v|||, we complete the lemma.
Lemma 3.6. There exist three positive constants C b1 , C b2 and C p such that, for any v ∈ V + V h , p ∈ Q, the following inequality holds
Additionally, for any
Furthermore, for any p ∈ Q h , we have
Proof. It is easy to obtain the first inequality (3.13) by using Cauchy-Schwarz inequality directly. We focus on the proof of (3.14) and (3.15). Using
We can prove (3.14) by combining with (3.17) and (3.18).
For any q ∈ Q h , it is clear that there exist
Noticing that
and for e ∈ ∂K, K ∈ G 
Similar to (3.4), the following inequality holds
0,e , which combines (3.19) yields (3.15).
Combining with Lemma 3.5, Lemma 3.6 and Cauchy-Schwarz inequality, we can easily obtain the following Lemma.
Lemma 3.7. There exist three constants C B1 C B2 and C B3 such that
4. Error analysis. In this section, we will give the priori error estimates.
We will first prove the stability of the scheme.
Proof. First,we start by choosing (v h , q h ) = (u h , p h ) to obtain
Using the Lemma 3.4, we get 
Then, from the definition of B h , we have
Using the Continuity of A h (·, ·), (4.4) and (4.5), we infer that
. Using the fact that p h ∈ Q h and I h v p h ∈ V h we have (4.8)
where n K is the outer unit normal vector to ∂K. Combining with (4.7) and (4.8), (4.6) yields (4.9)
The above inequality holds by choosing C s = min{
p } and ǫ and η such that ǫ = 1 2 and 0 < η <
|||(u h , p h )|||, we prove this theorem.
To obtain the priori error estimates, we need the interplation operators and their approximation error. To show these, we need construct the extension operator E
2 for i = 1, 2, and
be the extension of the restriction of v and q on Ω i to Ω 
Combined with the interpolation error and property of the extension operator, the following theorem is valid.
(Ω) and (I h v, R h q) be a pair of interpolant operators defined as in (4.11). Then
From the standard finite element interpolation theory in [13] , for j = 0, 1, 2,
and for l = 0, 1
Further, collecting the property of extension operator, we have (4.14) 
Next we estimate each term of |||(w, ζ)||| V . Clearly
Further, using the fact {µ} w ≤ 2µ i , i = 1, 2 and Lemma 3.2, the following estimate
Similarly, from
Using the triangle inequality and trace inequality, we obtain
For any e ∈ F cut,i h , we assume that e = ∂K l ∩ ∂K r , K l , K r ∈ T h,i and e ⊆ e. Using Lemma 3.3, we have
Applying the triangle and standard trace inequalities again, we have 
So far, we complete the proof. 
and the assumptions (A1)-(A3) hold. Suppose that γ i , i = 0, 1, 2 are large enough. Then the following error estimate holds
Proof. Using the triangulation inequality, we have
For the second term, we use the inf-sup condition, Lemma 3.7 and then get (4.17)
From the equality (2.8), we get (4.18)
From the Poincaré inequality, we have ||v − v|| 0,e |e| ||∇v|| 0,e .
For e ∈ F
nc,i h is the non-cut edge which is totally contained in Ω i , the related two elements K l , K r ∈ T h,i with e = ∂K l ∩ ∂K r can be classified three cases. One case is that K l , K r are also contained in Ω i , we have 
For the second case, we assume that K l is totally contained in Ω i and
Likewise, for e p[v h · n e ] we have
Last case is that e ∈ F nc,i h and e ∈ ∂K ∩ ∂Ω for K ∈ T h,i . Similarly, we have
where we have used e v h = 0 for v h ∈ V h .
Hence, (4.18) is estimated by
The theorem follows by combining (4.16), (4.17), (4.25) and Theorem 4.2.
Using the Aubin-Nitsche duality argument we prove the following L 2 -estimate.
Consider the dual adjoint problem. Let z and r be the solution of the problem (4.26)
We assume that the solution of the adjoint problem satisfies the following regularity 
Proof. Multiply the equation (4.26) by u, integrating on each sub-domain and using integration by parts, we have
Further, let (z h , r h ) ∈ V h × Q h be the solution of the finite element method approximation of (z, r) which satisfies
It is easy to obtain (4.29)
Thus,
where I 1 stands for the first two terms, I 2 is the third and fourth terms and I 3 is the last two terms. Using the continuities of A h (·, ·) and b h (·, ·), we get (4.31)
From the proof for Theorem 4.3, we can see
Likewise, |||(z h − I h z, r h − R h r)||| have the similar estimate (4.33)
Further, from (4.33), Theorem 4.2 and the regularity, I 1 can be estimated by (4.34)
Since
we can get the following estimate by combining (4.28) and (4.29) 
and (4.36)
For the first term of the right-hand side in (4.36), using Lemma 3.7, we have (4.37)
Together with Theorem 4.2, (4.32), (4.33) and regularity, (4.37) can be estimated by 
Using trace inequality and interpolation estimate, we have
Applying Lemma 3.6 and Cauchy-Schwarz inequality, we obtain (4.41)
Combined with (4.40) and (4.41), we can estimate (4.39) by
Thus, the result is proved.
Numerical examples.
In the above section, we have shown that the proposed nonconforming extended finite element method is of optimal convergence order. 
5.1. Example 1: a continuous problem. We consider a continuous problem presented in [3] . The errors and their convergence order for the velocity in L 2 and H 1 norms and the pressure in L 2 norm are give in Table 5 .1. We can see that the convergence orders of the errors are optimal. These results support our theoretical results. Numerical results are shown in Table 5 .2, and we can see that the convergence orders Finally, the numerical test is designed to confirm the influence of the jump of the different viscosities on the errors. We fix the mesh size h = 1/32. Table 5.3 list the errors for velocity and pressure with (µ 1 , µ 2 ) = (10, 1), (10 2 , 1), · · · , (10 5 , 1).
It indicates that the errors converge as µmax µmin → ∞, which means that they are all independent of the jump of the viscosity.
6. Conclusions. We have introduced a finite element method which gives a way to accurately solve the Stokes interface problems with different viscosities. The method allows for discontinuities across the interface, namely, the interface can be intersected by the mesh. Harmonic weighted averages and arithmetic averages are used. Furthermore, the extra stabilization terms involves both velocity and pressure are added such that the inf-sup condition holds for nonconforming-P 1 /P 0 elements.
It is proven that the convergence orders of errors are optimal. Moreover, errors do not depend on the jump of the viscosities. Numerical results for both the continuous problem and interface problem in two dimensions have been given to support our theoretical results.
